VARIATIONAL ANALYSIS OF A MEAN CURVATURE FLOW ACTION 

FUNCTIONAL 

ANNIBALE MAGNI AND MATTHIAS ROGER 

Abstract. We consider the reduced AUen-Cahn action functional, which appears as the sharp 
interface hmit of the Allen-Cahn action functional and can be understood as a formal action 
functional for a stochastically perturbed mean curvature flow. For suitable evolutions of (genera- 
. . . lized) hypersurfaces this functional consists of the sum of the squares of the mean curvature and 

CO ' the velocity vectors, integrated over time and space. For given initial and final conditions we in- 

vestigate the corresponding action minimization problem. We give a generalized formulation and 
prove compactness and lower-semicontirmity properties of the action functional. Furthermore we 
characterize the Euler-Lagrange equation for smooth stationary points and investigate conserved 
quantities. Finally we present an explicit example and consider concentric spheres as initial and 
final data and characterize in dependence of the given time span the properties of the minimal 
rotationally symmetric connection. 
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1. Introduction 

Action functionals arise in large deviation theory as the lowest order in a small noise expansion 
for stochastically perturbed DDEs and PDEs. For a given deterministic path the corresponding 
value of the action- functional is related to the probability that solutions of the stochastic dynamics 
are close to that path. For prescribed initial and final states an action minimizer may be associated 
with a most likely connecting path. 
►^ As a formal approximation of a stochastic mean curvature flow evolution we consider the 

^s^ , Allen-Cahn equation perturbed by additive noise, i.e. 



o 



edtu = eAu - -W'{u) + y^r]. (1.1) 

Here e, 7 > are the interface thickness and noise-intensity parameter, VF is a fixed double-well 
(^ . potential, and rj describes a time-space white noise. As this equation admits in general only in 

cn I one space dimension function-valued solutions a regularization for the noise is necessary. 

In [6] for one space dimension, and in [7], [11] for higher dimensions the Allen-Cahn action 

functional was identified as the functional 



rS ■ C (,,\ .— / f./^ft.,,J__(_aA„-L}. 



S,{u) := / / {^/edtu + ^(- eAu + -W'{u))) dxdt. (1.2 



c^ . JO Jn^ y^ £ 

Computing the square and observing that the mixed term is a time derivative one obtains that 
for fixed initial and final data the action minimization problem is equivalent to the minimization 
of the functional 

Se{u) ■= I f e{dtuf + -{- eAu + -W'{u)f dxdt. (1.3) 

Jo Jn ^ £ 

In a series of papers [4, 8, 11, 12, 20, 18] reduced action functionals, defined as the sharp interface 
limit e — )• of 5e or 5^, have been considered. In [11] it was shown that families {'^t)te(o,T) of 
smoothly ~ up to finitely many 'singular times' - evolving smooth hypersurfaces can be approxi- 
mated with finite action S^- At the singular times a new component is created in form of a double 
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interface, which along the subsequent evolution generates a 'new phase'. For such evolutions a 
reduced action was derived that reads 

5o(S) := CO f [ \v{x,t)-R{x,t)fdn''{x)dt +ASo,nuc{u), (1.4) 

Jo JT,t 

So,nuc{u) := 2coJ]^"(S,), (1.5) 

i 

where n+ 1 is the space dimension, Sj denotes the i component of S at any time a new interface 
is nucleated, v denotes the normal velocity vector for the evolution {'Et)te(o,T)i H{t, •) denotes the 
mean curvature vector of T,t and the constant cq depends only on the choice of the function W. 
The corresponding reduced action functional for the functionals S^ is given by 

5o(S):=co/" f {\v{x,t)\^ + \R{x,t)f'^dn'''{x)dt+2So,nuc{u), (1.6) 

So,nuc{u) := 2coJ^^"(S,), (1.7) 

i 

where the summation in the last line is now over the singular times at which nucleation or 
annihilation occur and where Sj denotes the nucleated and annihilated components. In [20], 
in the case of one space dimension, a generalization of Sq has been introduced and the Gamma 
convergence of 5^ has been proved. In [18] a general compactness statement for the sharp interface 
limit of sequences with bounded action Ss and initial or final data with uniformly controlled 
diffuse surface area has been shown. Moreover, a generalized reduced action functional has been 
proposed and a lower bound estimate has been proved. 

It is well-known [2, 21, 3, 5, 10] that solutions of the Allen-Cahn equation converge to the 
evolution by mean curvature flow of phase boundaries. Therefore, the reduced action functional 
can formally be considered as a mean curvature flow action functional, although at present no 
rigorous connection to a suitable stochastically perturbed mean curvature flow is known. The 
goal of this paper is to study such formal mean curvature flow action functional for evolutions 
of generalized hyper surf aces. We restrict here to a suitable generalization of the functional Sq 
defined above, that has the nice property of being invariant under time-inversion. Independent 
of the question whether this functional in fact represents an action functional, the variational 
analysis helps to gain a better understanding of the behavior of the Allen-Cahn action functional 
itself. The variational problem for evolutions of surfaces has some interest in its own as it extends 
classical shape optimization problems for surfaces to the dynamic case. The regular part of the 
functional Sq consists of the sum of a Willmore energy part and a velocity part. The Willmore 
functional has been studied intensively over the last decades, see for example [25, 23, 24, 13, 14, 15] 
and is still an active field of geometric analysis. The minimization of the velocity part for given 
initial and final states is connected to an L^-geodesic distance between these states. It has 
been shown in [16] that this distance degenerates and is always zero; minimizing sequences use 
highly curved structures. By the addition of the Willmore term the functional Sq penalizes such 
evolutions and therefore represents a specific regularization (that however takes not the form 
of of Riemannian distance). In the minimization of the action functional we therefore see an 
interesting interplay of a stationary and dynamic contribution. 

In this paper we begin a variational study of the reduced Allen-Cahn action functional. Our 
first goal is a compactness and lower semicontinuity result that allows for the application of the 
direct method of the calculus of variations, implying in particular the existence of minimizers. It 
is however a priori not clear in what class of evolutions such a result can be achieved. In the 
class of smooth evolutions, for which the nucleation part in Sq drops out, a uniform bound on 
the action for a (minimizing) sequence does not provide sufficient control to derive a compactness 
statement in this class. In Section 2 we therefore provide a new generalized formulation in a 
specific class of evolutions of surface area measures and show in Section 3 compactness and 
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lower semicontinuity properties for uniformly action bounded sequences of generalized evolutions. 
Lower-semicontinuity properties have not been shown in previous formulations of reduced Allen- 
Cahn action functionals and represent one main contribution of the current paper. The analysis 
of generalized evolutions and the application of the direct method of variations in the first part of 
our paper is complemented by the study of properties of smooth stationary points for the action 
functional. We derive the Euler-Lagrange equation for the action-minimization problem (Section 
4) and study in Section 5 conserved quantities, which reveals some analogies with Lagrangian 
mechanics. In Section 6 we finally consider as a specific example the problem of finding the 
action-optimal connection between two concentric circles. We characterize minimizer in the class 
of rotationally symmetric solutions and their minimality properties with respect to the full class of 
smooth evolutions. The behavior turns out to be very different depending on the time-span given 
to connect the initial and the final state. In the two appendices we collect some notation and 
results in geometric measure theory and in differential geometry which will be used throughout 
the paper. 

General notation. Let n G N be fixed and consider for T > the space-time domain Qt := 
]^n+i X ^Q^ j^y -pov a function -q G C^{Qt) we denote by Vry, dtrj, Vrj the gradient with respect to 
the spatial variables, the time derivative, and the space-time gradient, respectively. In particular 
we have V'rj = (Vr/, dtf])^ . 

For a function u £ BV{Qt), we denote by Vu,dtu,V'u the signed measures associated with the 
distributional derivative of u in the x,t, and (x, t)-variables, respectively. With \Vu\, \dtu\, \Vu\ 
we denote the corresponding total variation measures. For a family of Radon measures iP't)te(o,T) 
we denote hy [x = ^t® C} the product measure, i.e. 

mW = / ^t(??(-,t))dt for all r/GCO(Qr). 

JO 

Throughout the paper we identify an integral n-varifold V with its associated weight-measure 
H = nv- For notation on geometric measure theory we refer to the Appendix and to the book of 
Simon [22]. 

Acknowledgment. We thank Stephan Luckhaus for sharing his insight on weak velocity for- 
mulations for evolving measures and Luca Mugnai for stimulating discussions on the subject. 

This work was supported by the DFG Forschergruppe 718 Analysis and Stochastics in Complex 
Physical Systems. 

2. Generalized action functional 

Since in general a smooth minimizing sequence for the functional Sq does not necessarily 
converge to a smooth evolution (even up to finitely many singular times) we need to define 
a suitable class of generalized evolutions and a suitably generalized formulation for the action 
functional in that class in order to have lower semicontinuity and compactness for uniformly 
generalized action bounded evolutions. We first recall the definition of L^-flows [18] and in 
particular a characterization of velocity for certain evolutions of varifolds. 

Definition 2.1. Let T > be given. Consider a family /x = ipt)te(o,T) °^ Radon measures on 
M"+^ and associate to /i the product measure fi := fit®^^- We call /i an Lp'-flow if the following 
properties hold: 

For almost all t G (0, T) 

Ht is an integral n-varifold with sup ;U((R"^ ) < oo, (2-1) 

0<«T 

Ht has weak mean curvature H £ L (fit)- (2-2) 
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The evolution /i has a generahzed normal velocity v G L^(/u;]R"'^^), i.e. 

t ^ fit{ip) is of bounded variation in (0, T) for ah V G C] (M"), (2.3) 

v{x,t) 1. Txfit for ^-almost all (x, t) G Qt, (2.4) 



sup / [dtr] + Vr/ • v)dfit<it < oo, (2.5) 

»? JQt 

where the supremum is taken over all rj G C^{Qt) with \rj\ < 1. 

The evolution of measures t i— )■ fJ-t{tp), tp G C^(M"+^) will only be controlled in BV{{0,T)) 
and limit points therefore may have jumps in time. Thus, in order to formulate initial and 
final conditions, we need to complement the evolution of measures by an evolution of phases. 
For the action minimization problem we will therefore consider the following class of generalized 
evolutions. 

Definition 2.2. Let T > and two open bounded sets 17(0) and n{T) in M"+^ with finite 
perimeter be given. Let Ai = Ai{T,Q{0), f7(T)) be the class of tuples S = (/i, u), fi = (/Ut)t6(o,T)) 
u = (^i(-, i))ie[0,T]) with the following properties: 

The evolution /i is an L^-flow in the sense of Definition 2.1. 
For almost all t G (0, T) 

<,t)GW(M"+M0,l}), (2.6) 

|Vn(-,i)| < Mt, (2.7) 

and u attains the initial and final data 

Ui;0) = X^^O), U{;T) = Xn^Ty (2.8) 

The evolution u of phases satisfies u G C2 ([0,T]; L-'^(]R"'^^)) and 

dtri{x,t)u{x,t)dxdt = / rj{x,t)v{x,t) ■ ulxjt) d\Vu{-,t)\dt (2.9) 

JQt 

for all 7] G C^{Qt), where v is the generalized velocity of /x and where i^{-,t) denotes the genera- 
lized inner normal on d*{u(-,t) = 1}. 

The property (2.9) yields the following estimates. 

Lemma 2.1. For S G 7W as above we have that u G C2 ([0,T]; LP(M"'+^)) for all 1 < p < 00. 
For almost any < ti < t2 < T 

U{x,t2)-U{x,ti)\dx < \\v\\L2u){t2-h)U sup /ii(M"+l)) ' (2.10) 

holds. Moreover, u G BV{Qt) with 

i\Vu\ + \dtu\)iQT) < 2T sup fitiW'+^)+ I \v\'^dii. (2.11) 

Proof. First we deduce from (2.9) that for any if G Cl{{<d,T)) and any V G Cl{W^+'^) 

I dtf{t) / u{x,t)'ip{x)dxdt = / Lp{t) / 'ip{x)v{x,t) ■ iy{x,t)d\Vu{-,t)\dt 
/o Jk"+i Jo jr"+i 

Hence the function t i— )■ /]g„+i u{x,t)ip{x) dx belongs to W^''^{{0,T)) and for almost all < ti < 
t2 < T we have 

{u{x,t2)-u{x,ti))ip{x)dx < ||i'||L2(^)(i2 -ii)2 ( sup /it(IR"+^)) ||V'||co(R"+i)- 
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Since u{x,t2) — u{x,ti) G BV(W^'^^,{ — 1,0,1}), taking the supremum over tp G Cl^{W^~^^) with 
IIV'II < 1 yields (2.10). Since \u{x,t2) — u{x,ti)\ < 1 almost everywhere we deduce that u G 
C5([0,r];LP(M"+i)) for ah 1 < p < cx). From (2.7), (2.9) one gets u G BV{Qt) and (2.11). D 



In the class M we next define a generalized action functional. 
Definition 2.3. For S G TW, S = {fi,u) as above we define 

5(S) :=5+(S)+5_(S), 

5+(S) := supr2|Vn(-,r)|(7?(.,T))-2|V<,0)|(r/(.,0)) 



+ 



/ -2(9. 
Jqt 



r] + Vr]-v) + {l- 2r])+-\v - H\^ dfn dt 



5_(S) :=sup -2|Vn(.,T)|(r?(.,T))+2|V<,0)|(7?(-,0)) 

+ / 2{dti] + Vr]-v) + {l- 2ri)+]-\v + H\^ dm dt 
Jqt 2 



(2.12) 



(2.13) 



(2.14) 



where the supremum is taken over all ry G C 



imn+l 



X [0,T]) with < r/ < 1. 



We remark that S is invariant under the time inversion t i— )■ T — t. Since in S± the terms 
(1 — 2ry)_|_2|t'=F-f^P are nonnegative, we observe that a bound on the action implies the generalized 
velocity property (2.5) and, more precisely, the estimate 



Qi 



{dtT] + Vt] • w) dfi 



< -5(S) 



(2.15) 



for all 7] G C^{Qt) with \r]\ < 1. By choosing 77 = in (2. 13), (2. 14) we further have that 

[ {\v\'^ + \H\'^)dntdt < Si's). (2.16) 

The functional S takes into account also jumps in the evolution of the generalized surface measures 
t i-^ Ht and actually generalizes the notion of action functional for the smooth case. 

Proposition 2.4. Let S = {^i,u) he given by an evolution {^{t))te[o,T\ of open sets Q{t) C 



pn+l 



as 



u{;t) = X^^t) and lit := 7r[dn{t). 

Assume that {dn{t))t^[Q^T] represents, outside of a set of possibly singular times = to < *i < 
• • • < tfc < tfc+i = T, a smooth evolution of smooth hyper surf aces. Then 

5(5])= / / (|t;(.,t)|2 + |F(.,t)|2)d1^«dt + 2^sup|/Xi^ + (^)-/Xi^_(^)|, (2.17) 

Jo Jdn(t) -n V) 



i=o 



where the supremum is taken over all tp G C^{W^) with |^| < 1 and where we have set fit '■- 
^"[9^(0) fort<0 and fit := W-[dVL{T) for t > T. 



Proof. We first compute that /i-almost everywhere it holds 
- 2{dt'n + Vr? • t;) + (1 - 2Tf)+-\v - H\^ 

= - 2{dtr] + Vr]-v-rfv H) + {1- 2r])+-\v - H\'^ - 2rfv ■ H. 
For the second term we observe that for < rf < ^ 

(1 - 2r])+-\v - H\^ -2'qvH = -\v - H\^ - r]{\vf + \H\'^) < -\v - H\^ 



(2.18) 
(2.19) 

(2.20) 
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and for 2 — V — ^ 

(1 - 2r])+-\v - if 1^ -2r]vH = -2r]v ■ H < 2\v ■ ii|A'|^.i^<o} < -\v - if p. (2.21 

Moreover we have for any < j < k that 

/' / 2(dt7] + Vr]-v-r]vH)dntdt = 2 f'^' ^( [ 1]{- ,t) duA dt 

Jtj JM"+1 Jtj dt \ jQQ(^t) ' 

= 2( hm Mni-,t)) - lim f^tivi;t))) 
and therefore 

2|Vu(-,T)|(r/(-,r))-2|Vu(-,0)|(r/(-,0))- [ 2{dt7] + Vr] ■ v - r]v ■ H) dfitdt 

k+l 



2.22) 



j=0 

fc+i 
<2 J]sup(^t^.+(V^) -^t^._(V')), (2.23) 

where the supremum is taken over all tp G C^(M"') with < ^ < 1. Together with (2.20) and 
(2.21) we deduce 



rp k-^1 

5+(S) <l [ [ i\vi■,t)\'' + \Hi■,t)\^)d'H^dt + 2^sup{^itM^)-^it,-W)^. (2.24) 
2 Jo JdQ(t) ~t, ^ 



On the other hand, by choosing ry = except in an arbitrary small neighborhood of the tj's and 
by choosing ri{-,tj) to approximate the supremum in sup^ (//t^.+(V') — Htj-iil^)) we see that we 
have in fact equality in (2.24). Similarly we derive 



rp fc+1 

Iff i\vi;t)\'' + \Hi.,t)\'')dn^dt + 2Y,^up{f,tA^)-f,t, + W) (2.25) 

2 Jo Jdn(t) "H. '<!> 



where the supremum is taken over all ip G C^{W^) with < V ^ 1- Summing up this equality 
with (2.24) we finally obtain (2.17). D 

The expression on the right-hand side of (2.17) corresponds to the definition So of the action 
functional for the (semi-) smooth case. 

The proof of Proposition 2.4 shows in particular that 5+ measures all the upward jumps of the 
measure evolution t >-^ /it and that S- measures all the downward jumps. 

3. Compactness and lower-semicontinuity for uniformly action-bounded 

sequences 

In this section we consider sequences of generalized evolutions that are uniformly bounded in 
action and constrained to fixed initial and final data. The main results of this section are the 
following compactness and lower-semicontinuity statements. 

Theorem 3.1. Let T > and two open bounded sets r2(0) and 0,{T) in W^^^ with finite perimeter 
be given. Consider a family of evolutions (I];);^^ in Ai{T, 0,(0), ^{T)) with 

SCSi) < A for all I G N, (3.1) 

where A > is a fixed constant. 
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Then there exists a subsequence I — t- oo (not relabeled) and a limit evolution S = (/x, u) £ 
M{T,n{0),n{T)), /x= {nt)teio,T), u= (n(-, t))ig[o,T]; such that 

u^ ^ u mLi(Qr)nC°([0,r];Li(]R"+i)), (3.2) 

^^ —7- ^t for almost all t G (0, T) as integral varifolds on M"^ , (3-3) 

fi ^ fj, as Radon measures on Qt- (3-4) 

Moreover 

5(S) < limmf5(5]0 (3.5) 

holds. In particular, the minimum of S in Ai{T,Q{0),Q{T)) is attained. 

In the remainder of the section we prove Theorem 3.1. The hne of the proof fohows closely the 
arguments of [18] which are themselves based on [12, 11]. However, the situation here is different, 
as we do not pass to the limit with phase field approximations but with a sequence of sharp 
interface evolutions. Moreover, our formulation of generalized action functional is different from 
that in [18]. Therefore all proofs need to be adapted. For most statements we give the detailed 
arguments but refer to the corresponding statement in [18]. 

From (2.15), (2.16), and (3.1) we first obtain the uniform bounds 

I {\vi\^ + \Hi\^)dt,\dt < A, (3.6) 

Jqt 

I {dtV + Vr,-v)dfi{dt < ^A||r/||cO(Q^). (3.7) 



sup 

veCHQr) 



To the integral varifolds (Aii)ig(o,T) we associate the product measures /x' := //' C^. We start 
with showing that the assumptions above induce a uniform bound for the area measures and that 
time differences of the area measures are controlled by means of the initial data and A. 

Proposition 3.2. [18, Lemma 5.1] For all I G N we have 

sup /uJ(M"+i) < C{n{0),T,A), (3.8) 

tG(0,T) 

f^'iQr) < C{n{0),T,A). (3.9) 

Moreover for all tp G C^{W^^^) the function t i— )• fi\{ip) is of bounded variation in (0, T) with 

sup\dtfiim{{0,T)) < C(f^(0),T,A)||V||ci(Rn+i). (3.10) 

Proof. Choosing r]{x,t) = ip{t) for if G C^((0,T)), from (3.7) we first deduce that Mi : (0,T) — )• 
M^, Mi{t) := ;uJ(M"+i) is of bounded variation with 

|M/|((0,T)) < |. (3.11) 

Choosing r]{x,t) = ip{t), with (p G C"'^([0,T]) not necessarily compactly supported in (0,T), we 
obtain from the definition of S that 

limMi{t)-n''{d*n{0))\ < ^, (3.12) 



im 

t/-T 



lim Mi{t) - n''{d*Q{T))\ < ^. (3.13) 



Actually, setting 

_^ fl-A;t for 0<t< i 
I otherwise 
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we obtain 



A > -2'H''id*n{0)) + 2k / Mi{t)dt, 

Jo 



A > 2n''\d*n{0))-2k Mi{t)dt. 

Jo 

Thus, taking the hmit k — )■ oo, (3.12) holds. Similarly, one obtains (3.13). Together with (3.11) 

we then deduce that 

^J(M"+i) < ^"(a*(7(0)) + A, 

holds, which proves (3.8). The estimate (3.9) follows. 

Next we fix t/; G C^{M."'^^) and obtain from (3.7) with r]{x,t) = ip{t)'tp{x) that t i— )• ^j(^) is of 
bounded variation in (0, T) and that 

\D^iii^pmO,T)) < lA||V.||^o(Kn+i) + sup / ip{t) f V^ ■ v{-,t)dii[dt 
^ |^|<i Jo JR"+i 



2 
< 



(\k+{T sup ^l\{W^+^)f''K''A\mcm^^^), (3.14) 

where we have used (3.6). Together with (3.8) the estimate (3.10) follows. D 

The previous proposition, Lemma 2.1, and (3.6) yield the uniform bounds 

\ui{x,t2)-ui{x,ti)\dx < C{A,T,n{0)){t2-h)'2, (3.15) 

{\Vui\ + \dtUi\){QT) < C{A,T,n{0))- (3.16) 

Combining Proposition 3.2 and Lemma 2.1, we obtain a compactness statement for the char- 
acteristic functions of the enclosed sets. 

Proposition 3.3. [18, Prop 4.1]. There exist a subsequence I — )■ oo (not relabeled) and a function 
ue BViQT-, {0,1}), uG C^([0,T];Li(M"+i)) such that (2.8) and (3.2) hold. 

Proof. By (3.16), the compactness Theorem for BV functions ensures the existence of a sub- 
sequence / — )■ cx) and of a function u € BV{Qt), with u' — )■ u in L^{Qt). In particular, 
u{x, t) G {0, 1} for almost every (x, t) G Qt. 

From (3.15), we deduce that {u^)i^n is uniformly bounded in C2 ([0,T]; L^(M"+^). Moreover, 
by (2.7) for XI; and (3.8), the family {ui{t) : I G N} is relatively compact in L^{W^^^) for almost 
any t G (0, T). Applying the Arzela-Ascoli Theorem we deduce that, possibly after passing to 
another subsequence, u^ -^ u in C°([0,r]; Li(M"+i)), with u G C^[0,T];L^{R''+^)). 

The condition (2.8) for 1]/ implies by (3.2) that u attains the initial and final data. D 

We next show a compactness statement for the evolution of the surface area measures. 

Proposition 3.4. [18, Prop 4.2] There exists a subsequence I —J- 00 (not relabeled) and a family 
of Radon measures {fJ't)te(o,T) onW^^^ such that (2.3), (2.7), 

fif —7- fit for all t G (0, T) as Radon measures on M"'^ , (3-17) 

and (3.4) hold. Moreover 



sup /it(M'^+i) < C{n{0),T,A) (3.1J 

tG[o,r] 



is satisfied. 
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Proof. We first choose a countable family {ipk)keN in C^{M.'^^^) which is dense in Cq(M"'^^) with 
respect to the supremum norm. By (3.8) and (3.10), we have that for fixed /c G N the family of 
functions (t i— )■ fj,\-{ipk))i^j>^ is uniformly bounded in BV{0,T). By a diagonal-sequence argument 
we obtain a subsequence / — )■ oo and functions m^ G BV{0,T), /c G N, such that for all /c G N 

niiipk) -^ rukit) for almost-ah t G (0,T), (3.19) 

-C^t(V'fc) — ^ "T-fc as Radon measures on (0, T). (3.20) 

Let S denote the countable set of times t G (0, T) where, for some /c G N, the measure m^ has an 
atomic part. We claim that (3.19) holds on (0, T) \ S. To see this we choose a point t £ {0,T)\S 
and a sequence of points (tj)jeN in (0, T) \ S, such that tj /^ t and (3.19) holds for all tj (the 
case tj \ t can be treated analogously). We thus obtain 

lim m',,{[tj,t]) = for all /c G N, (3.21) 

lim V(Vfc)([t„i]) =m'fc([tj,t]) forallfe,jGN, (3.22) 

since tj,t G (0, T) \ S. Moreover 

\'mk{t) -^'(V-fc)! < l"ifc(i) -"ifc(ij)l + l"ife(ij) -^'^.(V'fe)! + l^tj.(V'fc) -MkV'fc)! 

< \m'k{[tj,t])\ + \mk{tj) - fi[^{i^k)\ + \^t^l{{^l^k){[tj,t])\ 

Taking first I — t- oo and then tj /^ t, we deduce by (3.21) and (3.22) that (3.19) holds for all 
A: G N and all t G (0, T) \ S. 

Taking now an arbitrary t G (0,T) such that (3.19) holds, (3.8) ensures the existence of a 
subsequence / — )■ oo such that 

/Uj — )■ fit as Radon-measures on M"''' . (3.23) 

We deduce that Ht{tpk) = fnk{t) and, since {ipk)keN is dense in Cq{M."'~^^), we can identify any 
limit of {fii)i(=fq and obtain (3.23) for the whole sequence selected in (3.19)-(3.20), and for all 
t G (0,T), for which (3.19) holds. This proves (3.17). 

For any ip G C|^(M"+^) the map t ^ fit{ip) has no jumps in (0, T) \ S and for aU 99 G C^i{0, T)) 
with \ip\ < 1, by (3.10), we have 



/ 



dMt)iit{'4,)dt = lim / dMt)fi{{'iij)dt 

n + l /^Oojjjn + l 

< liminf|at^J(V')| < C(J1(0),T,A). 



This proves (2.3). 

By the Dominated Convergence Theorem we further conclude that for any r] G C^{Qt) 



rjdfi = lim / 77 dfi' 
Qt ^^~ JQt 



,1 



lim / ri{x,t) dfif{x) dt = / ri{x,t) dfit{x) dt, 



^^°°JQt JQt 

which implies (3.4). By (3.2) we have «;(-,*) -^ u{-,t) in L'^{W+'^) as / ^ 00. By (2.7) for 
S;, (3.3) and the lower-semicontinuity of the perimeter under L^-convergence we conclude that 
|Vu(-,t)| < fit holds, which proves (2.7). D 

We next show that the measures nt,t G (0, T), are integral varifolds with weak mean curvature 
in L'^int). 

Proposition 3.5. [18, Thm. 4.3] For any t G (0, T) the limit measure fXt as in (3.3) is an integral 
varifold with weak mean curvature H{-,t) G L'^if^t) and for almost all t G (0,r) 

Ht — )■ //t (^ — ^ 00) o-s varifolds (3.24) 
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holds, which proves (3.3). The sequence {fi\]ii)i^]^ converges to (/U,H) as measure function pairs, 



I.e. 



/ / 7]{.,t)Y{i{.,t)dWdt ^ [ ri{.,t)Yl{.,t)diitdt (3.25) 

JO JMl Jqt 

holds for all rj G C^(Mq^ ;M""'"^). We moreover have the estimates 

/ \R{-,t)\^dfit <limmi \ili{-,t)\^ dn'' for almost all t e {0,T), (3.26) 

[ |Hpd;U < liminf /" [ \lii{-,t)\'^ dn"" dt. (3.27) 



Iqt '"*°° -'o Jmj. 

Proof. By (3.6) and Fatous Lemma we have 



h{t) := liminf / \i{i{-,t)\'^ dn"" £ L\0,T) 



and in particular /i(f) < oo for almost every t £ (0, T). We fix such t G (0, T) and deduce from 
Allards compactness Theorem [1] that there exists a subsequence /' — t- oo and an integral varifold 
jit with weak mean curvature H(-,t) G L'^iflt) such /x' — )• /it as varifolds, and such that 



I \R{-,t)\^dilt < h{t) = liminf / \Ri{-,t)\^ dW . 

J l^OO jRn + l 



(3.28) 



From (3.3) we deduce that fit = i^t- In particular, fit is an integral varifold with weak mean 
curvature in L'^{jit) which satisfies (3.26). The estimate (3.27) follows from (3.26) and Fatous 
Lemma. Since an integral varifold is uniquely determined by the mass measure, we see that the 
whole sequence / — )■ oo from (3.3) converges to fit in the varifold topology. This shows (3.24). 

It remains to prove (3.25). As above, we see that ii\ — > /^t as varifolds for any subsequence 
Z' — 7- oo with 



For s, Z G N we next set 



and observe by (3.6) that 



limsup / \Rv{-,t)\'^ drr < oo. 
Bi^s := U e [0,T] : / R^t > s} 



(3.29) 



A> / Rfdfildt > \Bi^s\s. (3.30) 

JQt 

Let us denote with Bf^ the complement of Big in [0, T] and for any ^ G C^{W^'^^) define 



c 

Ls 



rpt (^) .^ I - /r.+i Hi (•, t) • e dfi[ for t G B, 



(3.31) 



(3.32) 



Under our assumptions, it is now clear that for any 7] G C^{Qt,^^^^) we have 

TUvi; t))^- [ Vi; t) ■ H(-, t)d/Xi as / ^ oo 
and that the following estimate holds 

TUv{;t)) < M\co(^^r.+2 V^ + f \7f{;t)m;t)\dfit, (3.33) 
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where the right hand side is uniformly bounded in L^(0,T) with respect to l. Thus, by Lebesgue 
Dominated Convergence Theorem, we have that 



T 



TiM-^mt 



Qj 



r?(-,t)-H(-,t)d/iidt 



when I — )■ oo. 



We set now 



Ri: 



[ H;(-, t) • e d/xjdt - [ H(x, t)7]{-,t)dfn 
JQt JQt 



dt 



(3.34) 



(3.35) 



Using (3.30) and (3.34), we estimate 

i-T 



hmsupi?; < hmsup 



Tl,{i^{;t))dt+ / H(x,t)r/(x,t)d/Xidt 
JQt 



+ 



B, 



n+l 



H(-,t)r?(-,t)d//tdt 



+ 



B, 



HK-,t)-ed//Jdt 



< 



C^iQr) 



hmsup|S;,,|2(sup/ii(M"+^) + sup;Ut(M"+^)) 



pn+l\W. 



i— >oo 



Lt 



( hmsup ||H,||i2(^i) + ||H||i2(^) 

1 



< c(A,r,f](o))||7?||c.o(Q^)^ 



where in the last line we have also used (3.6), the estimate (3.8), and (3.27). Since s > was 
arbitrary, we obtain (3.25). D 

We obtain in the next step that the limit evolution has a generalized velocity. 

Proposition 3.6. [18, Thm. 4.4] There exists a subsequence I — )■ oo and a function v G 
L'^{fi;W^^^) such that {fx ,vi) — )■ (/U,w) as measure- function pairs, i.e. 



lim / / vi{-,t)-ri{-,t)(nrdt 



v{-,t) ■r]{-,t)dfitdt. 



(3.36) 



Qt 



We moreover have the estimate 



(3.37) 



/ \v{-,t)\'^dfitdt < lim ini [ I \vii-,t)\^d'H'^dt. 

Finally v is the generalized speed of the evolution (/Ut)te(o,T) ^^^ ^^^ sense of Definition 2.1. 

Proof. From (3.1) for S^, the convergence (3.4) and the compactness and lower semicontinuity 
property for measure-function pairs [9, Theorem 4.4.2], we conclude the existence of a subsequence 
/ ^ oo and a limit v £ L'^{fi;W+^) with (3.36) and (3.37). 

By (3.7), (3.1) for S^, (3.36), and (3.37) we deduce that for any rj £ C^Qt) with |r?| < 1 



Qi 



{dtri{-,x) + Vri{-,x) ■ v{-, t)) dfit dt 



< liminf 

l—^OD 



{dtvi-, x) + Vr?(-, x) ■ vi{-, t)) dii\ dt 



Qj 



< 



A 



We therefore deduce (2.5). It remains to show that v{x,t) is normal to T^fit for ^u— almost all 
{x,t) G Qt- The proof is adapted from [17, Proposition 3.2], see also [18, Lemma 6.3]. 
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We associate to ii\ ji the Radon measures V;, V G C^iQr x m("+i)^("+i))* defined by 



Viif) := / f{x,t,Pi{x,t))dfi',{x), (3.38) 

JR"+ix(0,T) 

V{f) := [ f{x,t,P{x,t))dfit{x) (3.39) 

JR"+ix{0,T) 

for / G C°(Qt) X m("+i)x ("+!)), where P/(x, t), P(x, t) denote the projection onto T^n[ and T^^t, 
respectively. 

From (3.24) and Lebesgue's Dominated Convergence Theorem we deduce that 

lim Vi = V (3.40) 

as Radon- measures on Qt x IR("+i)>^("+i). 

Next we define functions vi on spt(;u') x IR("+i)>^("+i) by 

vi{x,t,Y) = vi{x,t) for ah (x,t) G spt(M'), F G m("+i)x("+i). 

We then observe that 

\vi\'^dVi = / |w/pV < - 

._-xR("+i)x("+i) Jqt 2 

and deduce from (3.40) and [9] the existence of {) G L'^(V,W^^^) such that {Vi,vi) converge to 
{V,v) as measure-function pairs on Qt x m("+i)x("-+i) with values in M"+-'^. 

We consider now h G C^(M("+-^)x(n+i)) such that h{Y) = 1 for all projections Y. We deduce 
that for any r] G C^{Qt,W+^) 



r] ■ V dfi = lim / ri{x,t) ■ h{Y)vi{x,t,Y)dVi{x,t,Y) 

ri{x, t) • v{x, t, P{x, t)) dfi{x, t), 
Qt 

which shows that for ^-almost all {x,t) G Qt 

v{x,t,P{x,t)) = v{x,t). (3.41) 

Finally we observe that for h, ij as above 

rj{x, t) • P(x, t)v{x, t) dfi{x, t) 
Qt 

7]{x, t)h{Y) • Yv{x, t, Y) dV{x, t, Y) 



= lim / r]{x,t)h{Y)-Yvi{x,t,Y)dVi{x,t,Y) 

'-^~yQTxR("+i)>^("+i) 

'■^'^ Jqt 

since Pivi = 0. This shows that P{x,t)v{x,t) = for /i-almost all {x,t) G Qt- D 

Before we show that the limit evolution of phases satisfies (2.9) we need some preparations. 
First we define for r > 0, (a;o,to) £ Qt the cylinders 

Qr{to,xo) := S"+i(xo,r) X (to-r,to + r). 

Proposition 3.7. [18, Prop 8.1] The measure fi is absolutely continuous with respect to "H"^^, 

^i < ^"+\ (3.42) 
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Proof. For to £ (0)^)) ^o £ M.^^^ we obtain from the monotonicity formula [14, (A. 6)] that for 
any < r < ro < minjto, T — to} 

1 rta+r 

- r~^fit{B{xo,r))dt 

<- /" 'ro'X^^oMdt + C- /" ' / \H{;t)\^dfitdt. (3.43) 

Using (3.27) we deduce that 

t^ I \H{-,t)\'^dfit ismL\0,T), (3.44) 

and that for almost all to G (0, T) 

limsup- /" r->i(5"+Vxo,r))dt 

<2ro-"C(A,T,f](0))+ / \H{;t)\^ dfHo < oo. 

Since the right-hand side is finite for £^-almost all to G (0, T), this implies that 6*^"'^^'[fi, (xo, to)) 
is bounded for almost all to G (0, T) and all xq G M"^^, in particular together with (3.18) we 
deduce 

limsupr-("+^V(^^"^^^((a;o,io),r)) < oo (3.45) 

r\0 

for ^-almost all (a:o,to). 

Finally let B C Qt be given with 

-H''+\B) = 0. (3.46) 

Consider the family of sets {Dk)keN, 

Dk := {zGf^T : r("+^)(^,z) <k}. 

By (3.45), [22, Theorem 3.2], and (3.46) we obtain that for aU A; G N 

KBnDk) < 2^'^+^^krr+^{Br\Dk) = o. (3.47) 

Moreover, we have that 

li{B \[JDk) = Q (3.48) 

fceN 

by (3.45). By (3.47), (3.48) we conclude that 

^{B) = 0, 
which proves (3.42). D 

We need to show that the generalized tangent plane of ^ exists ^"^^-almost everywhere on 
d*{u = 1}. We first obtain the following relation between the measures ^ and |V'ti|. 

Proposition 3.8. [18, Prop. 8.2] For the total variation measure | V'ti| we have 

\V'u\ < gfi, (3.49) 

for a function g G i^(/u). In particular, \Vu\ is absolutely continuous with respect to fi. 
Moreover, the tangent plane to fx exists at T-C^^^ -almost- all points of d*{u = 1}. 
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Proof. By (2.9), (2.7), and (3.2) we deduce that for any 77 G C^{Qt) with |r/| < 1 
Urn I -dtVUidC''+^ < Uminf / \r]\{-,t)\vi{-,t)\dn\dt. 



i— >oo 



i— ^00 



Qt 



Qj 



(3.50) 
(3.51) 



By (3.6) and [9, Theorem 4.4.2], there exists a subsequence I — )■ 00 and g G L^(^), 5 > such 
that (/u', jf^l) — )■ (/U,^) as / —7- 00 and such that 



T.'i 



|2 j,.i 



g dfj, < / lu^rd/x' < A. 
Qt JQt 



By (3.51) we therefore get 



which shows that 



Similarly, we find 



-dtTjudC 



n+2 



< I \r]\gdfi, 

Jt 



\dtu\ < gfi. 



(3.52) 



-VrjudC 



n+2 



Qj 



lim / 



lim 



-Vrjui dC 



riui\Vui\ 



n+2 



< liminf / \rj\{-,t)dii[dt = I \r]\{-,t)dn, 
'^°° Jqt JQt 

which yields |Vn| < fi. Together with (3.52), we obtain (3.49) and deduce that |V'n| is absolutely 
continues with respect to ^. 

The final statement has been proved in Proposition [18, Proposition 8.3]. D 

Proposition 3.9. For the limit phase function u in (3.2) the equation (2.9) holds. 

Proof. We first observe that v G L^(|Vn|) since by (3.37), (3.49), and Proposition 3.8 

/ \v\d\Vu\ < / \v\d\Vu\ < / g\v\dfi 

Jqt Jqt Jqt 

< II5'IIl2(/.)I|i'IIl2(^) < 00. 



Omn+l.T^>n+l^ 



and tJf — 7- t; in 



For V G L (^;M"+ ) there exist a sequence e — )■ 0, with v^ G C^{. 

L?'{li,W"'^'^). By [18, Proposition 3.3] we know that for //-almost all (x,t) G Qt at which the 

tangential plane of fi exists the vector 



v{x,tr^ eM"+ix 



is perpendicular to T(^x,t)l^- 



By Proposition 3.8, this implies 



• v' = \Vu\ — a.e. 



where i/' denotes the generalized inner normal of {u = 1} on d*{u = 1}. It follows that 

'1' 



r][ ) ■iy'd\V'u\dt = 0, 



(3.53) 



(3.54) 



(3.55) 
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hence 



u'd\V'u\ 



Qi 



Vp — V 



v'd\Vu\ 



< 



(3.56) 



v\\co{Qt) vlve - v\dn -^ fore-^0. 



Therefore it holds 



= hm / 7] { ] ■ u'dlX/'ul = — lim / (dtrju + V • (riv£)u)dxdt 

= Urn / {—dtTju + rjVe ■^u)dxdt = — / dtrjudxdt + / r]v ■ vd\\7u\dt 
'^-^o JQt Jqt Jqt 



'Qt 
which proves (2.9). 



(3.57) 



D 



We are now in the position to complete the proof of Theorem 3.1, in particular the lower- 
semicontinuity of the action functional. 

Proof of Theorem 3.1. The compactness statements have already been proved above. The L^- 
flow property has been shown in Proposition 3.4, Proposition 3.5, and Proposition 3.6. The 
assertions (2.6), (2.8) have been proved in Proposition 3.3, the property (2.7) in Proposition 3.4, 
and (2.9) in Proposition 3.9. It therefore remains to show the lower-semicontinuity statements. 
By (3.25), (3.36) we deduce the measure-function-pair weak convergences 

{lJ,vi- Hi) ^ {p,v - H), {fi'',vi + Hi) ^ {ii,v + H) as / -> oo. 

The lower-semicontinuity statement [9, Theorem 4.4.2] implies that for any f] G C^iW''^^ x [0, T]) 
with f] > 

2 r,,/ 



/ fi\v — H\ dfj, < liminf / fi\vi — Hi\ dfx 
Jqt '^°° JQt 

/ fi\v + H]"^ dfi < liuiini fi\vi + Hi\'^ d^J- . 

JQt '^°° JQt 



(3.58) 

(3.59) 
IQt '^°° JQt 

Together with (2.8) for S, and (3.36), we deduce for any r/ G (7^^"+^ x [0,r]) with < ?? < 1 
2|Vn(.,T)|(r/(.,r))-2|Vn(-,0)|(7?(-,0)) 



< liminf 



+ / -2{dt'n + Vr]-v) + {l- 2ri)+]-\v - H\ 
JQt ^ 

2|VnK-,T)|(r/(.,r))-2|VuK-,0)|(7?(-,0)) 



d/ii dt 



+ / -2{dtii + Vr? • vi) + (1 - 2r])+\\vi - Hi\^ dni dt 
JQt ^ 

< liminf 5+ (Si). 

i— >CXD 

By taking the supremum over rj we deduce 

5+(S) <cS+(SO. 

Similarly we obtain 5„(X1) < 5_(S;) and therefore (3.5). Together with the properties proved 
above this in particular implies (3.1) and S G Ai(T,Q{0),Q{T)). D 
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4. Smooth stationary points of the action functional 

In the following we take into consideration smooth evolutions of smooth surfaces and charac- 
terize stationary points and conserved quantities of the action functional. In this part it is more 
convenient to describe evolutions by families of embeddings. We therefore introduce the following 
setting. 

Definition 4.1. Fix a smooth n-dimensional compact, orientable manifold M without boundary. 
Let cf) : M X [0,T] — )■ W^^^ be a smoothly evolving one parameter family of embeddings (pt '■= 
(/)(•, t),t G [0)^]- By ^ '■= (^t)tefo,Tl) ^t •= 4>tiM) we denote the smooth evolution of snooth 
hypersurfaces associated to (p, where , in slight abuse of notation, we used the same symbols 
which we used in the the preceding sections for the evolutions of the surface area measure and 
the inner set. 

The family of Riemannian measures on M induced by the parametrizations (j)t,t £ [0,T] via 
pullbak will be denoted with ifit)te[o,T]- Once more, in a slight abuse of notation, we denote by 
zv : M X [0, T] — 7- W^^^ the family of inner unit normals of the sets enclosed by the hypersurfaces 
Si, and by v{-,t), H{-,t) : M — )■ M""*"^ the scalar normal velocity and the scalar mean curvature 
of S( given by 

v{x,t) := dt(t}{x,t) ■u{x,t), H{x,t) := H-^^{4>{x,t)) ■ v{x,t) 

ioT xe M,te [0,T]. 

We say that {(l)'')^eo<e<eo is a smooth normal variation of cf) which preserves initial and final 
data, if the (p^ are given by a smooth map <I> : M x [0, T] x (— eo,eo) — ^ M"+^ as 4>^ = <&(•, -,£) 
and if 

(/.O = Id, de\e=0Ct}' = fv, 

ct,^; 0) = (/>(•, 0), ct)%-,T) = ct){-,T) for all - eq < e < Eq, 

where f : M x [0,T] -^ M"+i, with /(•,0) = f{-,T) = 0, is smooth. We set ^f = (i>%-,t) = 
$(-,t,e) and denote by fif, h'^{-,t), t G [0, T], —eq < e < Eq, the pullback measures and normal 
fields associated with 0^, and by f^, H^ the scalar velocity and scalar mean curvature fields on 
M X [0, T] associated to (/)^. Finally, we call the vector field X := fv the variation field associated 
to the given variation and set Xt := X(-,t). 

Note that if XI is given by a smooth evolution of smooth embeddings (f) as above, the action 
functional S reduces to 

S{ct)) := S{^) = I [ (v\-,t) + H^{-,t))dfltdt. (4.1) 

Jo Jm ^ ^ 

4.1. Variation Formulae. In this section we make some preliminary computations which will 
be needed for the deduction of the smooth Euler-Lagrange equation for the functional S. For the 
notation and the fundamental identities from differential geometry we refer to Appendix B. 

Lemma 4.2. The following variation formulae hold: 

d,\e=odfit = -R{X,u)dfit = -^fdjlt, (4.2) 

5,|,=o^^ = -V/, (4.3) 

9,|,=off = A/ + /|A|2. (4.4) 

Proof. If we denote with g and g^ the Riemannian metrics induced respectively by the embeddings 
cf) and 0^ in M""*"^, we have 

d,U=o9tj = ^e\e=o{^^(t>t,^j(t>t) = di{X,dj4>t) + dj{X,d,(l,t) - 2{X,dl4>t) 

= di{x, d,4>t) + d,{x, d,^t) - 2t:^{x, dr4>) - 2h,, (x, u) 

= -2hij{X,v) = -2f\i,j. 
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Since by definition gfAg'^y^ = Sf, one gets 

Using the formula 9edet(^£) = det(^£) tr[^~-'^3£yl£] we obtain the following equation which 
describes the variation of the induced Riemannian measure 



de\e=o<ilJ.t ■■= de\e=oVdet{g^ 



Vdet(g)g'^de\e=og: 



-2./M{^g'^h,, 

2 
-H/d/2t . 



{X,u) 



For the variation of the normal vector to the hypersurface we get 

{de\e=oi^',di<pl) = -{i^,dide\e=o(Pt) = -{y,di{fu)) = -dif, 
which means, 

de\e=Ol^' = -Vf. 

In order to compute the variation of the mean curvature, we start computing the variation of the 
second fundamental form 

ae|e=oh^, = ds\e=o{iy',dfj<Pt) = -(V/,40i) + {u,dfjX) . (4.5) 

By (B.3) and (B.2) we obtain 

{Vf,df^<Pt) = {Vf,Tl^dr(t> + h,,u) = VrfTlj, (4.6) 

{u,dfjX) = {u,df^{fu)) = dy + f{u,df^u) 

= dy-f{u,d,{h,rg'-^^dpCl)t)) 

= 4/-/h,,/%,. (4.7) 

From equations (4.5) - (4.7) we finally deduce that 

de\e=oK, = Vf,/ - /h,v/Php,. 

It then follows that for the variation of the mean curvature we have 

ae|e=off = de\e=o{g''rKj + g'' de\e=O^I^ = A/ + /| A| 



2 



D 



4.2. The first Variation of S. We have now all the tools to compute the Euler-Lagrange 
equation for S. 

Theorem 4.3. Let cf) and {(f)^)^i;f^^i;^i;Q be a smooth evolution of smooth emheddings and a normal 
variation given by a field f as in Definition 4-1- Then the first variation of S at cf) in direction 
of f is given by 

<55(0)(/) = j- S{(t>') = r f f\-dtv + Mi + H|A|2 - ^ + !!^1 dUtdt. (4.8) 

Consequently, the Euler-Lagrange equation for a smooth stationary point cf) of S is given by 

dtv = AR + R\A\^-^ + ^. (4.9) 

Proof We start by computing the variation of the normal speed. 

d,u=ov' = {dtd,u=o^t, u) + {dt(t)u d,U=Gu') = (dtifu), u) = dtf. (4.10) 

Using equations (4.2), (4.4) and (4.10), we can now compute 
d '-^ 



de 



S{cf)')= [ /" bt/^; + HA/ + H/|A|2-(t;2+H2)ffl(i/iidt. (4.11 

<:=0 Jo Jm ^ ^ J 
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Observing that 



we get 



— / fvdfit - 



dtfv + fdtv - fv^R 



[ dtfvdfltdt= Iff 

JM Jo JM 



dtv + Rv^' 



dut, 



dfitdt . 



Substituting (4.12) into (4.11), we obtain 



d_ 
de 



sm = f 

•==0 Jo JM 



T 



H^ v'^R 



dtv + AR + R\A\'' + 



2 2 



dfitdt . 



which concludes the proof. 



(4.12) 



D 



5. Symmetries and Conserved Quantities 

In this section we will analyze some particular variations, in order to describe some properties 
of stationary points which are often less obvious from the Euler-Lagrange equation. In particular, 
we characterize some conserved quantities along smooth evolutions which are stationary points 
of the action functional. 



5.1. Energy Conservation. The functional S can be formally seen as the sum of a kinetic and 
a potential term depending on curvature, integrated with respect to a time dependend measure. 
By analogy with Lagrangian mechanics, one can write the formal associated Hamiltonian and 
can compute whether energy conservation along stationary trajectories holds. We actually have 
the following property. 

Proposition 5.1. Let : M x [0,T] — )■ R""*"^ be a stationary point of the Functional S in the 
class of smooth evolutions with prescribed initial and final states. Then the quantity 



E{cl)t):= [ {v^-}i^)dflt, te [0,r], 
JM 



(5.1) 



which we will call energy, does not depend on t. We will in this case use the notation E{cf)) for 
Ei^t),tG[0,T]. 

Proof Let us consider a time reparametrization for of the form (f)''{-, t) = (/>(-, t^), t^ '■= t + erj, 
with rj G (7q"(0,T). One easily checks that the action functional of 0^ is given by 



5(0^ 



T 



e\2\ 



{{vr + {^r)dfltdt 



T 



/O JM Jo JM ^1 +£??' 

For the corresponding first variation of S we get 



■j + {l + er]')W]dfltdt. 



d_ 
de 



Si(f>')= I 7]'{t) I i-v^ + R^)dj2tdt. 

=0 Jo JM 

Since has been supposed to be stationary, the thesis follows. 



(5.2) 

(5.3) 
D 



Remark 5.2. It is also possible to deduce Energy conservation from equations (4.2), (4.4) and 
(4.10). Actually, 



d 
di 



tf) dfit 



M 



M 



2t;(AH + H|A|2 - — + —)- 
V T I I 2 2^ 

- 2H(At; + t;|A|2) - {v^ - H2)z;H) 



(5.4) 



dfit 



0. 



MEAN CURVATURE FLOW ACTION FUNCTIONAL 19 

5.2. Conformal Variations. We next investigate conformal variations of the form 

0(x,t,e) = e"(*'"V(a;,t), (5.5) 

where a : [0, T] x M — )■ M is a smooth function which satisfies 

a(t,0) = for ah t G [0,r], (5.6) 

a(0, e) = a{T,e) = for ah - eq < e < Eq- (5.7) 

We denote a(t) := ds\e=o(''{'t,E) for t G [0,T]. The following lemma describes the variation under 
(5.5) of some geometric quantities appearing in S. 

Lemma 5.3. For a variation as in (5.5) we have: 

de\s=odJll = na{t)dflt, (5.8) 

de\e=ov'{-,t) = a'{t){(t>t, iy{;t)) + a{t)v{;t), (5.9) 

ds\e=oH' = -aH. (5.10) 

Proof. When the embedding undergoes a variation as in (5.5), the induced metric on the corre- 
sponding embedded submanifold in W^^^ reads 

<7f,(-,t) = e2"(*'-)ffi,(-,t), (5.11) 

hence 

de\e=o9ij{-,t) = 2a{t)gij{-,t) , 

and we conclude that the variation of the induced surface measure is given by (5.8). The normal 
to the hypersurface does not change along this kind of variations, we actually have 

= d,U=o{u%;t), d,<Pt) = {de\e=o'^'{;t), O.^t) " H;t), d,ia{t)<Pt)) , 
from which we get 

{de\e=Ol^%-,t),dj(l)t)=0. 
For the normal speed, we have 

de\e=ov%-,t) = {dt{ait)4>t,u) = a'it){<Pt,iyi;t)) + ait)v{-,t) . (5.12) 

For the mean curvature we obtain that 

H^ = e-'^^-'^'^H (5.13) 

and we deduce (5.10). D 

By means of Lemma 5.3, we are able to compute the variation of the kinetic term in S and 
state the following 

Proposition 5.4. When a trajectory undergoes a variation as in (5.5) -(5.7), the variations of 
the kinetic term, the potential term, and the full action functional S are given by 

'^ r f {v^fdiitdt 

«=o Jo Jm 

f-T 



de 



= 2 [ a{t) I {-dtv{ct), v) + v{(\>, Vv) + v'^Uicf), v) + \^)dfltdt, (5.14) 

Jo Jm 2 

^ If (R^fdflfdt = (n-2) / a{t) I R'^djltdt, (5.15) 

Jo Jm Jo Jm 



de 

d_ 
Te 



e=0 , 

5(0^ 



e=0 



2/ a{t) [ \-dtv{c(),iy)+v{cf),Vv) + v^R{c(),u) + %'^ + ('^-l)B^]dfltdt. (5.16) 
Jo Jm l 2 \2 / j 
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Proof. From Lemma 5.3 we get 

d 
de 



{v^fdflldt = 2 / [v{a'{(t),u) + av) + '^av^]dfltdt. (5.17) 

'==0 ./o Jm Jo Jm 2 



By an integration by parts in the first of tlie tliree terms in tlie integrand on tlie right-liand side, 
and (4.2), (4.3) we obtain 

va{(f),i>)dfitdt= / / [—dtva{cf),i') — V a + va{4>,'Vv) + V 'Ra{(f),i')]diJ,tdt 
Jo Jm 



JM 



+ 



va{cf), i')d^t 



^JM 







Using equation (5.7) we deduce (5.14). By (5.11) and (5.13) we obtain 

d [^ f .„..^ , . ,. d_ '■'^ 

<:=o .In .1 M ' ' ' " de 



de 



=oJo Jm 



I I {H'fdfitdt 
Jo Jm 

= / (-2 + n)a(t) / H^dfitdt, 
Jo Jm 

which gives (5.15). Together with (5.14) we finally deduce (5.16). 



D 



Remark 5.5. We conclude that trajectories that are stationary for the kinetic part of the action 
along conformal variations as above satisfy 



n 



{-dtv{(f>t, v) + v{<^u Vf ) + «^H((^t, v) + -v^)diit = . 

M ^ 



On the other hand it holds 
d 



— \ v(4>t,v)diit 
"I Jm 



M 



[dtv{(j)t, u) + v'^ - v{4>u Vv) - v^R{<Pt, iy)]djlt . 



Adding equations (5.18) and (5.19) we obtain that for all t G [0,T] 



d 
di 
Integrating over time, we find 



M 



v{(f>t,'i^)dfit 



:i + 



n. 



v'^dfit ■ 



M 



"I T fi 

v{(pt,t^)dflt =(l + 7r) 



M 



JM 



V dfitdt . 



(5.18) 
(5.19) 

(5.20) 

(5.21) 



For n = 2 the Willmore functional is invariant under dilations, in this case the variation of the 
whole action functional coincides with the variation of its kinetic part. 

We are now in the position to prove an equality which can be used to deduce the Hamilton- 
Jacobi equation associated to S. 

Proposition 5.6. For S— stationary trajectories, the following equation holds true: 
T rT 



v{(j)t,iy)dfit 



M 



Jo Jm 



n 



i + -]v'+ --im 



n 



dfitdt = 2TE{<t)) + nS{(t)) . (5.22) 



Proof Since we are considering an 5— stationary trajectory, from equation (5.16) we have that 



M L 



n 



{-dtv{4>t, y) + v{<j)t, Vf) + v'Yl{cpt, v) + -v' + 



n 



\\W 



dfit = 0. 



(5.23) 



adding (5.19) and (5.23) we get 



— - / v{(pt,i^)dfit 
dt Jm 



M 



n 



l + TT^'+hr-l H 



n 



n 



and the thesis follows integrating over time. 



dfit = 2Eicf>) + - / {v' + R')dfit (5.24) 
^ Jm 

D 
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5.3. Isometric variations. We now consider variations of tlie form 

(j)f[x) = 0{t,e)(l)t{x) for xG M,t G [0,T],-eo < e < Sq, 

0{t,e) £ SOin + 1), O{t,0) = OiO,e) = OiT,e) = Id for all - eo < e < ^o,* G [0,T]. 

(5.25) 

It is clear that this variation leaves the area element and the mean curvature invariant. We 
therefore obtain the following property for the corresponding first variation. 

Proposition 5.7. If a trajectory undergoes a variation as in (5.25), the first variation of S reads 
as 

^ 5(0^) = 2 / [ {A'{t)Mx),Mt)dfltdt, (5.26) 

de e=o Jo Jm 

where A{t) = de\e=oO{e,t). 

Proof. The variation of the normal speed is given by 

v' = {dtcPt,iy'{;t)) = {dt{Oit,e)<Pt),Oit,eM.,t)). 
Using that A{t) is an antisymmetric matrix for any t G [0, T] this implies that 



de 



"^ S{<t>') = 2[ [ v{-,t){{dt{A{t)4>t),u{-,t)) + {dt<Pt,A{t)u{-,t)))dfltdt 

= 2 [ [ {{dt{A{t)<Pt),dt(l)t)-{A{t)dt<Pt,dt(l)t))dfitdt, 
Jo Jm 

and the thesis follows. D 

The conserved quantity along 5— stationary trajectories which arises analyzing variations of 
the form (5.25) can be interpreted as angular momentum. 

Corollary 5.8. Along any S — stationary trajectory the quantity 

v{v{-,t) ®(j)t-(t)t® iyi-,t))dfLt , (5.28) 

IM 
which can be interpreted as angular momentum, does not depend on time. 

Proof. The thesis follows from equation (5.26), choosing A{t) = f{t)A, with an arbitrary / G 
C^{0,T) and noticing that 

A:-v{-,t)u{-,t)(i^<t>tdfit = 0, (5.29) 

Q^ Jm 

for all the antisymmetric matrices A, is equivalent to the thesis. D 

Remark 5.9. If <po{-) and 0t(") are both round spheres, it is easy to see that the constant must be 
zero (and that the integrand actually vanishes pointwise on round spheres). Note also that the 
vanishing of the angular momentum does not imply that the trajectory is at every time a round 
sphere, even if if the initial and final data are both round spheres this point will be discussed 
further in Section 6. 

6. The spherical Case 

In this section, we will study the problem of finding optimal trajectories connecting concentric, 
round n— spheres in M""*"-^. We will also determine conditions under which the optimal trajectory 
in the class of spherical trajectories is an absolute minimizer of the action functional. 
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6.1. Some Formulae for Graphs over Spheres. Let : §" — t- M"+^ be a smooth embedding 
which can be parametrized as graph over S". This means that there exists a smooth function 
r : S" ^ M such that 

(l){x) =r{x)x , X G S". (6.1) 

The fohowing equations follow by direct computations from (6.1). 

Proposition 6.1. Ifcp '■ S" — ^ W^^^ is a smooth embedding o/S" into M"^^, which is parametrized 
as a graph over the unit n— sphere, we have that the naturally induced metric on 0(S"') is given 
by 

7ij = r^Tij + VirVjr , (6.2) 

where Tij is the standard metric on the unit sphere in W^^^ with associated Levi-Civita connection 
V and measure dfi. The inverse of the induced metric reads 



1'' = -. -'' - -r-^T. ■ (6-3) 




The inner unit normal normal vector to the embedded surface is 



u{x) = =(rx - t""^ VirVjr) (6.4) 



and the second fundamental form is 



H 



hij = {u, dtj4>) = ^ {r'Tij + 2VirVjr - rViVjr) , (6.5) 



(6.6) 



while the mean curvature can be expressed as 
1 



n + l)r \Vr\ +nr +rViVjrV^rV-'r — rAr{r + |Vr| ) 



Finally, the induced area element is given by 

dJl = r'^'^^r'^ + \Vr\'^ dfi. (6.7) 

6.2. First variation around spherical trajectories. In this section we will study the first 
variation of the action functional, when restricted to the following family of trajectories. 

Definition 6.2. Given three positive real numbers T, i?o, and Rt-, we say that a smooth map 
(po ■■ S" X [0,T] -^ M"+i, which for any fixed t £ [0,T] is a regular embedding of S" in M"+\ is 
a spherical trajectory connecting the concentric n— spheres of radii Rq and Rt, if there exists a 
smooth map tq : [0, T] — t- M such that 

Mx,t) =ro{t)x , xG S", (6.8) 

with ro(0) = Rq and ro(T) = Rt- 

We now compute the first variation of the action functional around an arbitrary spherical 
trajectory. By the tubular neighborhood theorem, we can restrict to variations which are graphs 
over spheres without any loss of generality. 

Lemma 6.3. Let T, Rq, Rt be positive real numbers and ro : [0,T] — )■ M a function defining a 
spherical trajectory (J)q as in (6.8). Let p : S" x [0,T] — )■ R 6e a smooth function with p(-,0) = 
p{-,T) = for any a; G S" and e a real number. Define r^ : S" x [0, T] — )■ M so that r^{x,t) = 
ro{t) + ep{x,t) and define (/>£ : S" x [0,r] -^ W+'^ as (j)e{x,t) = (ro(t) + £p{x,t))x. Then it holds 

S{(pe) = - I I [2ror^ + nrlr^-' - n\n - 2)r^-']pdildt , (6.9) 



d_ 
Te 



e=0 
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where the dot denotes the partial derivative with respect to t and jX is the surface measure of the 
standard unit n— sphere in M"^-'^. As a consequence, for any stationary spherical trajectory, the 
function ro satisfies the ordinary differential equation 

2roro + nrlr"^'^ - n^{n - 2)r^^3 = . (6.10) 

Proof. Let us define Qe := r^ + iVr^p. From the definition of normal speed and (6.4) we have 

vj := {dt^e, Ve? = Q^HreX,reX - T'^Vir^Vjxf 



n'rlrl 



(6.11) 



= Qe^{reX,rexf = Ql 

Moreover, from (6.6) and since Vr^ = eV/j,we have that 

H, = r-^Qf\{n + l)£^rl\Vp\^ + nr^^ + eV,V|./>VipV^-/9 - er,A/>Q,] , (6.12) 

which we rewrite as H^ = r^^Qe Ws, where we have denoted with Wg all the terms in between 
the square brackets. 

For convenience, let us rewrite the action as 

S{<Pe)-= I I {vl+Yll)dlildt= f f {Ke + Pe)dfidt , (6.13) 

with K^ := r'^rl^^^Qe and Pe := r'^^^QJ ' W^. Differentiating, we get 

de\e=oKe = 2r^r^ p +{n+ l)f\^~' p - flr^'' p (6.14) 

and 

de\e=oPe = n^iji - 5)r^-^p - 5nV^"V + 2nr^'3(4np - kp) 



r?{n - 2)r^-^p + 2nr'^~^Ap . 



(6.15) 



'0 PT^-'-'o 
The thesis follows by summing the two contributions and integrating by parts. D 

Remark 6.4. Note that (6.10) is identical to the Euler-Lagrange equation of S restricted to the 
class of spherical symmetric evolutions. Moreover, equation (6.10) follows already from energy 
conservation along a spherical trajectory. In fact, for a spherical trajectory (5.1) implies 

±{rlr^ - n'r^'') = , (6.16) 

which is equivalent to (6.10). Since energy conservation is a consequence of stationarity with 
respect to time reparametrization, and since the class of spherical trajectories is invariant under 
time reparametrization, energy conservation is clearly a necessary condition for the stationarity 
of spherical trajectories. Here it is also sufficient. This also means that a critical trajectory in 
the class of spherical evolutions is critical also in the larger class of smooth trajectories. 

Remark 6.5. In the case n = 1, equation (6.16) is equivalent to {r^ro — rQ ) = E, with E G 
M. The solutions to this equation coincide with the rotationally symmetric solutions to the 
5— minimization problem given by Okabe in [19]. We also notice, that the three classes of solution 
given by Okabe correspond respectively to the cases E < 0, E = 0, and E > 0. 

When n = 2 we obtain from (6.16) an explicit formula for ro (assuming without any loss of 
generality that Rq > Rt), 

roit) = ySZ^E^. (6.17) 

In particular the unique stationary spherical solution is a time rescaled mean curvature flow. In 
the following it will be convenient to compare T with the time Tmcf{Ro, Rt), needed to join two 
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concentric 2— dimensional round spheres in W^ having radii Rq and R^ by (time reversed) mean 
curvature flow. This time is given by 



Tmcf = Tmcf{Ro,Rt) 



I r2 r>2 I 



(6.18) 



6.3. Second variation around spherical trajectories. We now want to study the character 
of the stationary spherical trajectories, in particular we want to determine conditions under which 
they are local minima. 

Lemma 6.6. Within the same setting as in Lemma 6.3, we have that 
72 rT 






S( 



e=0 



2„n-2 2 



■2_n-2| 



JS" 



[2p^ro" + ((n + l)(n - 2) + ly.r^'/ + 2{rl){p') - rt,rr'\'^p\ 



+ n\n -2){n- 3)r^-V" + (3n" - 8n)r^-^|V/9r + 2r'^-\^pY]d(idt . 

(6.19) 

Proof. Adopting the same notation as in the proof of Lemma 6.3, we have that K^ = r'^r^'^^Qe 
Consequently, we make the following preliminary computations 



de\e=or, 



n+l 

e 



{n + l)r^p. 



5 



r 



de\e=oQe 

This way, we have that 



de\e=ors = 2rop, 

1/2 ^ _^-2^ q2 



e=0 



r' = n(n + l)ro"-V 



•2 



-^0 V, 



e=0 



e=0 



Qe'" 



2p^ 



T^\2p' - |Vpp 



a 



e=0 



K, = 2rlp' + n{n + l)rtr-,-'p' + ftr^-\2p' - \V p\') 

+ 4(n + l)roro~Vp - ^r^r^^'^pp - 2{n + l)rgr^~V^ 
= 2r^p2 ^ ((^ _ 2)(„ + 1) + 2)r2^^.-2^2 ^ ^nr^r'^-i pp _ ^2^n-2|v^|2 



(6.20) 



For Pe = r" ^Qe W|, we compute 






n—b 



{n-5y^-'p, 



-5/2 



-6, 



-5rn /9, 



a 



5 



e=0 



„n— 5 



e=0 



(n-5)(n-6)r^"V, 



-^/2 = 5ro-^(6p2-|Vpp), 



a, I ,=oWe = 4nrgp - r^Ap, 3^ 
d,\,=QW^ = 2nrl{Anp - Lp), 



e=0 



We = 2rl[{n + l)|Vpp + 6n/92 - 3pA/)] 



5 



e=0 



^^2 ^ ^nrl[{n + l)|Vpp + 6np2 - SpAp] + 2rl{Anp - kpf 



By the previous computations, we can conclude that 



5 



P. 



e=0 



n\n - 2){n - 3)r^'V' + (3n" - 8n)r^-^|V/9|" + 2r^-^(Ap)"+ 



(6.21) 
(6.22) 



+ r^-^(-4n2 + 12n)V • (pVp). 

The thesis now follows integrating in space an time the sum of the equations (6.20) and (6.21), 
and using the boundary conditions imposed on p. D 

For n = 2 and the stationary spherical evolution rg, by (6.16) the integral over the third 
term in (6.19) vanishes. Evaluating (6.19) in tq for spatially homogeneous p we observe that the 
second variation is positive definite. This shows that for n = 2 the spherical stationary point rg 
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determined by (6.10) is the unique minimizer in the class of spherical evolutions. We therefore 
call ro in this case the 5-optimal spherical trajectory. 

Equation (6.19) drastically simplifies when n = 2. In this case, we can actually prove that the 
optimal spherical trajectory is not always a minimizer of the action functional. 

Theorem 6.7. Let n = 2. Given two positive real numbers Rq and Rt the S— optimal spherical 
trajectory connecting the two concentric spheres of radii Rq and Rt over the time interval [0, T] 
is a local minimizer of S if T > -^y2>TMCF, where Tmcf was defined in (6.18). 

Furthermore, there exists < Ti < ^V^Tmcf such that for < T < Ti the optimal spherical 
trajectory connecting the given data is a not a local minimizer of S . 

Proof. When n = 2, equation (6.19) reads 

d^ '•^ 



de^ 



S{^e) =11 Wrl + 2rgp2 - rl\ijp\^ + 2r^''{{kp + pf - p')]dpdt , (6.23) 

where partial integration with respect to both spatial and time variables has been performed 
and we have used that (6.17) implies (^q)" = 0. We now choose p{x,t) = r]{t)ipi{x), where 
T] G C^{[0,T]) is and ipi : §^ — )■ M is the /— th spherical harmonic associated to the standard 
metric on S^. Substituting also Tq with its explicit expression given by equation (6.17) and 
recalling (6.18), we get 



de2 



_S{<l,,)=Anj [2,)V2 + ^(4(2-/(/ + l))^|f^ + 2((/(/ + l)-l)2-l))]dt. (6.24) 



One computes that the term in the large round brackets is for all / G Nq nonnegative if T > 
■nV^TMCF- Since we can expand any perturbation in a series of spherical harmonics with time 
dependent coefficients and since the expression on the right-hand side of (6.23) splits in a sum of 
the corresponding expressions of the spherical harmonics, this shows that the second variation is 
positive definite for T > ^\/3Tmcf- 

On the other hand, for any r] £ C^([0,T]) and / > 2 fixed we can choose < T <C 1 such that 
the corresponding second variation becomes negative. D 

Remark 6.8. Theorem 6.7 shows that for any pair of given concentric spherical data, it is the 
amount of time we prescribe to join them which determines whether the optimal spherical tra- 
jectory is a local minimum for the action functional. What we have obtained can be actually 
heuristically understood combining the "vanishing geodesic distance" result in [16] and the fact 
that for embedded surfaces in M^ the round spheres are the only absolute minimizers for the Will- 
more functional. If we are given a long time interval to connect the data, it will be convenient to 
pay a non optimal speed contribution, being the curvature one always minimal. On short time 
intervals, the possibility to make the speed contribution arbitrary close to zero will compensate 
a non optimal curvature term. 

We next complement the previous result and show a global minimizing property for the S- 
optimal trajectory connecting two concentric spheres in W^. 

Theorem 6.9. Let n = 2. Let Rq > Rt > and T > be positive real numbers. If T > 
Tmcf{Rq-, Rt), the S— optimal spherical trajectory connecting the two concentric round 2— spheres 
of radii Rq and Rt over the time interval [0, T] is a global minimum for S in the class of smooth 
evolutions. 

Proof. We first observe that for any c G M we have 

87r(Rl -R^) = 2 f I vBdptdt = I f ( --(v- cUf + -v^ + cH^)dfltdt. 
Jo Jm Jo Jm^ c c J 



dfifdt . 
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Thus, we obtain 

/ f {v"^ + H2)d/2tdt = 87rc(i?^ - E^) + f f {v - cHfdfitdt + (1 - c^) / R^dfitdt 
Jo Jm Jo J m Jo fn 2c;\ 

> S^c{Rl - R^) + (1 - c^) / / H 

Jo Jm 

where the equality holds if and only if 

v = cYL (6.26) 

at each point in space and time. Moreover, if (6.26) holds, the initial and final conditions force 
the solution to be a spherical one. Since J^^ H^d/Zt > 167r, as spheres are the unique minimizer of 
the Willmore energy for smooth embeddings of M, we deduce from (6.25) that 

/ / (f ^ + H2)d/itdt > max (sttc{RI - R^) + 16(1 - c^)ttT 
Jo Jm c2<i \ 

Explicit calculations show that the maximum on the right hand side is uniquely attained for 
c* = *^^ (note that by assumption c* < 1), and that we thereby obtain the estimate 

/ f {v^ + }i^)dj2tdt> 167r('^^+T). (6.27) 

Jo Jm \ T J 

The value of the right-hand side coincides with the value of the action functional of rg, which 
proves the optimality. D 

The proof of the preceding theorem shows that the 5-optimal spherical trajectory is optimal 
also in the class of non- vanishing evolutions that are piecewise smooth and where t i— )■ flt{M) is 
continuous. In a final remark we compare the 5-optimal spherical trajectory with the non-smooth 
evolution that vanishes for some positive time interval. 

Remark 6.10. Let the sphere Rq evolve by mean curvature flow, until it vanishes at Tmcf{Ro) = 

-^. Consider then a point nucleation at T — Tmcf{Rt) = T ^, which evolve by time- 
reversed MCF up to time T, to get the sphere of radius Rt at time T (notice that this kind of 
trajectory makes sense under the further assumption T > Biax{TMCF{Ro),TMCFiRT)})- The 
corresponding value for the action is given by 87r(i?Q + i?y), which is twice the sum of the area 
of the initial and final datum. This has to be compared with the value of the 5-optimal smooth 
spherical solution, for which after (6.27) we have found the value 167r( ^''rf^ + T J. Comparing 

both expressions shows that for T > ^ " 4 ^ the non-smooth trajectory has lower action. 

Collecting all the results, the following scenario arises. For T < Tmcf{Ro-,Rt) a solution to 
the minimal action problem exists, but we can not say if it is smooth and if it is spherically 
symmetric. For Tmcf{Ro,Rt) ^ T < ^ " 4 ^ , the optimal smooth spherically symmetric 

connection is the absolute action minimizer. For T > ^ " 4 ^ the optimal smooth rotationally 
symmetric connection is still a local minimizer, nevertheless the absolute minimum of the action 
functional is attained at the connection with point nucleation, which is anyway rotationally 
symmetric, in accordance with Theorem 6.9. Notice also that the energy of the connection with 
point nucleation is constant (in accordance to energy conservation) and equal to zero. 

Appendix A. Notations and results from geometric measure theory 

In this section we will fix the notation and recall some results from geometric measure theory 
which will be used along the paper. 



MEAN CURVATURE FLOW ACTION FUNCTIONAL 27 

A.l. Integer-rectifiable Radon measures with Mean Curvature. 

Definition A.l. Let ^u be a Radon measure on M"'^^. We say that fj, has an n— dimensional 
tangent plane at a point x G R"+^ if there exist a number > and an n— dimensional hyperplane 
T G IR"+^ such that 



lim-/ r,r- )dtx{y) = Q ridK\ Vr? G C,"(M"+^) . (A.l) 

In this case, we set T^IJ, = T and we call the multiplicity of /x at x. 

If ^ has an n— dimensional tangent plane ^—almost everywhere on M""*"^, we will say that ji 
is n— rectifiable (or simply rectifiable) . If is /x— almost everywhere integer, we say that /x is 
integer-rectifiable. 

For a rectifiable Radon measure /x on ]R"+^ the first variation 5^ : C^{W^^^;W^^^) — t- M of /x is 
given by 



51,(0 = / dlvT^,ax)di,{x) VC G Ci(M"+i;r^+i) ,. (A.2) 

Moreover, if there exists a function H G Lj^q^(;u;M"^"'^) such that 

5i^{() = - f R-Cdfi VC G Cl{R''+\R''+^) , (A.3) 

we will say that /x has weak mean curvature. 

A.2. Measure-function pairs. In order to establish a regularity result for minimizers of S, we 
will need the notion of measure-function pair convergence introduced in ([9]). 

Definition A.2. Given a Radon measure /x on M" and a function f ^ L^ {fi,M}), ^ G N, we say 

that {/J,, f) is a measure-function pair. 

A sequence (/x*^, fk)kGn of measure function pairs converge weakly to the measure-function {jj,, /) 

if 



{fk,Od^''^ I {f,Odl^ (A.4) 

for all ^ G C'O^^'^ ™'^ 



^c ' 



The following result, which is proved in [9], gives a criterion for weak converge of sequences 
of measure-function pairs as well as necessary and sufficient condition for the convergence to be 
strong. 

Proposition A.3. If {ir' , fk)k&i is a sequence of measure-function pairs satisfying 

SUp||/fe||L2( ) < +00 

and if fi is a Radon measure on M" such that /x — t- fi, then there exist a function f G L'^ifJ-) and a 

subsequence k — t- -|-oo such that {fJ. , fk)ke'N converges weakly to {fJ^, f) as measure-function pairs. 

Moreover, if the sequence {(/U , fk)} weakly converges to {fi, f) the lower semicontinuity property 

||/||i2(^)<hininf||M|^2(^^) (A.5) 

holds. 
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Appendix B. Notations and results from differential geometry 

Let M be an n-dimensional smooth differentiable manifold without boundary and (j) : M ^ 
M""*"^ a smooth immersion. Denoting with (x^,...,x") a local coordinate system on M and 
(^^"'•••'ax ) ■" (ei,"-,en) the associated base for the tangent space, the Riemannian metric 
g naturally induced by on M via the pullback reads as follows: 

gij := {di(t>,dj(t>) , (B.l) 

where (•, •) denotes the standard scalar product in M"^^. 

We will denote with V the covariant derivative associated to the Levi-Civita connection of g. 
Since 0(M) has codimension one in M"+^, it follows that M is orientable and at each point of 
4>{M) there is a well defined (up to sign) normal vector field that we call u. Within this setting 
we define (giving components) the second fundamental form of (j){M) according to 

A = hij:={u,dfj^), (B.2) 

which immediately implies that A is a well defined symmetric 2-tensor on (f>{M). 
The mean curvature of the couple (M, 0) is defined as the trace of the second fundamental form 
and will be denoted by H. We will often denote the mean curvature vector Hiy just with H. 
Within this setting, the Gauss- Weingarten relations read 

df^cP = TfjdkcP + hijiy and ^^ly = -hikg^^dicj) . (B.3) 

The Bianchi identities for the curvature tensor of the immersed manifold are equivalent to 

Vihjk = Vjhik . (B.4) 
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